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Abstract

We give an explicit relation between the slope of the trajectory of a semigroup of holomorphic functions and
the harmonic measure of the associated planar domain {2. We use this to construct a semigroup whose slope
is an arbitrary interval in [—m/2, 7w/2]. The same method is used for the slope of a backward trajectory
approaching a super-repulsive fixed point.
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1. Semigroups of Holomorphic Functions

A one-parameter continuous semigroup of holomorphic self-mappings of the unit disk D is a family

(#t)te[0,00)> Such that:

(1) Gr4s = b1 0 s, for all t, s € [0, +00)
(i) go(z) = =
(iii) %gn 1(2) = ¢s(2), for all s € [0, +00).

We will simply call (¢;) a semigroup. For general reference on semigroups we point to [, [12] and [16].
A semigroup is called elliptic if it is not a group of hyperbolic rotations and it has an interior fixed point,
which must be the same for all ¢y, t > 0. If (¢;) is a non-elliptic semigroup, then there exists a unique point

¢ € JD, called the Denjoy-Wolff point of the semigroup [2], such that
tlim ¢i(z) =¢&, for every z € D. (1)
—00

A semigroup with no interior fixed point is called non-elliptic. From now on we will only deal with non-
elliptic semigroups. An important tool in the study of non-elliptic semigroups is the corresponding Koenigs
function, see [1], [12], [16] and the references therein. To every non-elliptic semigroup (¢;), corresponds a

conformal mapping h : D — 2 such that:

*Corresponding author
Email address: gkelgian@math.auth.gr (Georgios Kelgiannis)
URL: https://users.auth.gr/gkelgian (Georgios Kelgiannis)

Preprint submitted to Journal of Mathematical Analysis and Applications January 31, 2019



s (i) (D)= £, and
(ii) h(pe(2)) = h(z) +t, z€D, t > 0.

The domain {2 is called the associated planar domain of (¢;). A domain {2 is called convex in the
positive direction when {z +¢:z € 2} C £2, for all ¢ € [0,00). Obviously the associated planar domain of a
semigroup is convex in the positive direction. The converse is also true; for every simply connected domain

{2 convex in the positive direction, define
¢e(2) = hH (h(2) + 1),

where h is the Riemann map that maps D onto (2. It is easy to verify that (¢:), as defined above, is a
semigroup.

We are interested in the boundary fixed points of ¢,. These are defined using the notion of angular limit.
When ¢(z) — w’ as z — w through any sector at w we say that w’ is the angular limit of ¢ as z tends to
w; we write

Z lim ¢(z) = w'.

zZ—rw
A point w € 9D is called a boundary fixed point of ¢, when Zlim,_,,, ¢(z) = w. For a boundary fixed point

w, we define the angular derivative at w to be

& (w) = £ Tim L)

zow W — 2

In the case when ¢(D) C D, we know [14, p.82] that ¢'(w) always exists and belongs to (0, +00) U {oo}.

2 Boundary fixed points in this case are divided into three categories; see [8] and references therein.

(i) When ¢'(w) € (0,1], w is called an attractive point,
(ii) when ¢'(w) € (1,+00), w is called a repulsive point and

(iii) when ¢'(w) = oo, w is called a super-repulsive point.

The Denjoy-Wolff Theorem guarantees that, in the context of semigroups, the Denjoy-Wolff point £ in
»  relation , is the unique attractive boundary fixed point of ¢;, for all ¢ > 0.
Non-elliptic semigroups can be categorized according to properties of the associated planar domain (?;

see e.g. [3]. Namely:

(i) When {2 is contained in a horizontal strip, the semigroup is called hyperbolic.
(ii) When {2 is not contained in a horizontal strip, but it is contained in a horizontal half-plane, the
30 semigroup is called parabolic of positive hyperbolic step.
(iii) When {2 is not contained in any horizontal half-plane, the semigroup is called parabolic of zero hyper-

bolic step.
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The trajectory of z € D of a semigroup (¢;) is defined as the curve
Yz 1 [0,400) = D, 7:(t) = ¢e(2).

By utilizing the associated domain {2, every trajectory can be extended as follows. Let T be the infinum

of {t : h(z) +t € 2}. The extended trajectory of z is the curve defined by
Y.t (T, +00) = D, 7.(t) = h 1 (h(2) +t). (2)

From now on v, will be used for the extended trajectory. In accordance with [8], we will define the o and
w limits of curves. For every curve I' : (s1,s2) — C, if there exists a strictly increasing sequence t,, — s,
such that I'(t,,) — &, then ¢ is called an w-limit point of I". The set of all w-limit points of I" is called the
w-limit set and denoted by w(I'). Replacing so with s; and considering strictly decreasing sequences, we
similarly define the a-limit point and the a-limit set «(T"). From (1)) it is obvious that for all z € D we have
w(7,) = {£}, where ¢ is the Denjoy-Wolff point. The set «(,) is also a single point which can be one of the
following [8]:

(i) The point in dD that corresponds to h(z) + T € 982, when T > —co.
(ii) A boundary fixed point of (¢;), including the Denjoy-Wolff point &, when T' = —cc.

An interesting problem is the study of the slope of 7, as it approaches the boundary of D. For every -,, we

consider the corresponding curve
- T
te (Ta +OO) — arg(l - gyz(t)) € (_55 5) (3)

The w-limit set of the above curve will be the set of slopes of 7y, as it approaches the Denjoy-Wolff point &£
and it will be denoted by Slope™(v.). If a(.) = {x} then similarly consider the curve

te (T, +0) — arg(1 = ¥:(t)) € (5, 3)- (4)

The o-limit set of the above curve will be called the set of slopes of the backward trajectory ~y, as it
approaches the boundary point x and it will be denoted by Slope~(v,). The following is already known
about the Slope™(v.).

(i) When a semigroup is hyperbolic, Slope™(v,) is a singleton depending on z.
(ii) When a semigroup is parabolic of positive hyperbolic step, Slope™(v,) is either {m/2} or {—7/2} and

it is independent of z.

When a semigroup is parabolic of zero hyperbolic step, it was conjectured that Slope™(y.) is again a
singleton. This was proven but only under some additional assumptions, see e.g. [10] and [T1]. The existence

of a semigroup with Slope™(v,) = [-7/2,7/2] was first proven in [4] and [9]. In a more recent result, Bracci
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et al. [5] show that there exists a semigroup such that Slope™(v,) C (—n/2,7/2) but it is not a singleton.
Also in [6] we find an example with Slope™(v,) = [-7/2, ], for some —7/2 < o < 7/2.
In [9] the authors posed the problem of constructing examples of one-parameter semigroups (¢;) with

Slope™(v.) = [01, 62] for any given 61,0 € [—7/2,7/2], 61 < O2. We will construct such a semigroup.

Theorem 1. If 0, < 0y are real numbers with |0;| < w/2, j = 1,2, then there exists a semigroup of
holomorphic functions (¢¢) such that
Slope™(7:) = [61,62). (5)

For the Slope™(7,) similar results were only known for the following cases [8]:

(i) When the a-limit of «, is the Denjoy-Wolff point &, Slope™ (y.) is a singleton, which is either {7/2}
or {—m/2}.

(ii) When the a-limit of ~y, is a repulsive point, Slope~(7;) is a single point, which belongs in (—m/2,7/2).

We prove that, in the case of super-repulsive points, a semigroup can have a wildly oscillating trajectory,

quite similar to the case of a parabolic semigroup of zero hyperbolic step.

Theorem 2. If 61 < 60y are real numbers with |0;| < w/2, j = 1,2, then there exists a semigroup of

holomorphic functions (¢1) and a point z € D, such that the a-limit of 7, is a super-repulsive point and

Slope™ (7z) = [61, 02].

2. Harmonic measure

To prove the aforementioned results we need to establish a relationship between the slope of a trajectory
v, and certain harmonic measures in the associated planar domain {2 of a semigroup.

The harmonic measure is the solution u of the generalized Dirichlet problem for the Laplacian in a
domain D, with boundary values equal to 1 on E C 92 and 0 on 92 \ E. We will be using the notation
w(z, E, D).

Two basic properties of the harmonic measure that we will use are conformal invariance and domain
monotonicity. When ¢ : D — (2 is a conformal map, we know that, if A is the set of accessible points of 02,

we can extend ¢! to A. In that sense, when E C A we have [13, p.206]
w(z, ¢~ (E),D) = w(4(2), E, 2). (6)

This implies that when an arc ab C 0D corresponds, through ¢, to a boundary set F C 342, in the sense of

Caratheodory boundary correspondence, then

w(z,ab,D) = w(é(2), E, Q). (7)

4
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When for two domains Dy, Dy in Cy, with D1 C Dy, we have a set B C 9D N 0Dy, then [I5, p. 102]
w(z,B, D) <w(z, B, D>). ()
We also know that [7, p.155], if ab C 9D is a circular arc, then the level set
Le={CeD:w(( abD) =k}, 0<k<1, (9)

is a circular arc with endpoints a and b that meets the unit circle with angle kw. We will also use the
notation

Ly ={¢C €D :w(C,ab,D) > k}. (10)

In order to establish a relation between certain harmonic measures in the case when D contains, in a
specific way, a rectangle, we introduce the following notation.

For any set B in the complex plane C, let BT = BN {z:Imz >0} and B~ = BN{z:Imz < 0}. Let
Se={z:—d<Imz<d} (11)
be a horizontal strip of width 2d,
Sauw={2:—d<Imz<d, —u<Rez<u} (12)
be a rectangle centered at the origin with width 2d and length 2u,
Biy,={2:Imz=d, —u<Rez<u} (13)
be the upper side of Sy, and B_g4,, be the lower side of Sy .. Betsakos [4] has proven the following:

Lemma 1. Let 2 be a planar domain, convex in the positive direction. Assume that R C (2 and that
(0T #0, (02)~ #0. Lete >0 andd > 0. There exists a ug > 0 with the property: Ify € (—d,d), Sg.u, C
£2 and By, U B_qu, C 012, then

lw(iy, (092)", £2) — wiy, (08a)", Sa)| < e. (14)

In the original proof (2 is fixed. However, a close inspection of the proof shows that uy depends only on
d, not on the set {2 and that holds for all u > ug. We will use a variation of Lemma [1}

For w € C, d1,dz,u > 0, we consider the rectangles
A(w,dy,do,u) ={x+iy: |z —Rew| < u/2, Imw—dy <y <Imw+d;}.
Let also, for A = A(w, dy, da,u),

opA={x+iy:|r—Rew| <u/2, y=Imw—dz or y =Imw +d; },
5
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be the horizontal border of A. Finally for z € C, let
0f 2 =00n{¢:Im¢ > Imz} (15)

be the part of the border of §2 that lies above z. Note that when z € R we have 9} 2 = (9£2)*. Note also
that if the distances of iy from the upper and lower parts of a strip are respectively d; and ds, by applying
standard conformal maps, one can see that

do

w(iy, (8Sd)+, Sd) = d1 T d2 .

(16)
By conformal invariance of the harmonic measure, Lemma [If can be restated as follows.

Lemma 2. Let dy,dy > 0. Then for every e > 0, there exists a uy > 0, such that for every u > ug and for
all domains (2, convex in the positive direction, the following property holds: If A = A(w,dy,ds,u) C 2 and
OpA C 012, then

LI (17)

w(w,df 02, 02) — it d )

We will be working with domains convex in the positive direction but we point out that by a small
modification of the proof found in [4], we can drop this requirement.
Let z € D. We will prove that the slope of the trajectory . of a semigroup of holomorphic functions

(¢¢) is determined by certain harmonic measures. Consider the function
w,(t) = w(h(z) +t, 82'(2)!2, 2), t €(0,400). (18)

Betsakos [4] constructed a semigroup such that for every z € D, Slope*(y,) = [—7/2,7/2], by considering
the behavior of wy(t) as t — +oo. We will prove an explicit relation between the behavior of w,(t) and
the slopes of .. We will then use it to construct a semigroup such that Slope™(y,) = [01,02] with

—7/2 < 67 < 0y < /2. The same principles will be extended to an analogous result for the Slope™(7,).

Theorem 3. Let (¢1) be a semigroup of holomorphic functions inD. Denote by h the corresponding Koenigs
function and by £2 = h(D) the associated planar domain. For z € D, with 8;(2)(2 %0 and 8;{(2)(2 # 002, let

ay = limsup,;_,  w.(t) and az = liminf; o w,(t). Then
Slope™(y:) = [7(1/2 — a1), 7(1/2 — as)]. (19)

If, in addition, for that z, the trajectory 7y, is defined for allt € (—o0,0] and we have by = limsup,_, . w,(¢)

and by = liminf;, o w.(t), then
Slope™ (v.) = [w(1/2 = by), w(1/2 — by)]. (20)

Using the above theorem we can argue about the slopes of the trajectories of (¢;) by focusing on the image
h(D) and looking at the behavior of the harmonic measure on the points of the half-line {h(z) +¢: ¢t > 0},
or on {h(z) —t:¢> 0} for the backward trajectories.

6
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3. Proofs

PROOF (THEOREM . We assume that the Denjoy-Wolff point of (¢;) is £ and the a-limit of -, is x. Let
)/gz be the arc on 9D between x and &, corresponding through h(z) to 6;(2)!2. Note that 82'(2)9 # () and
8;(2)(2 # 0f2 imply x # £. Also since h is conformal we have that ;g\f is the arc that runs clockwise from x
to £&. We know that the level set

Ly ={CeD:w((xED) =k}, 0<k<1, (21)

is a circular arc with endpoints x and & that meets the unit circle with angle km. Let Ly = {CeD:
w((,)fgg,ﬂ)) > k} and T’y be the half-line emanating from £ that is tangent to Ly at £. If ¢ lies on I'y then
arg(l — &) = /2 — k= w(1/2 — k).

By conformal invariance of the harmonic measure @,
w,(t) =w(h(z) + ¢, (“);LF(Z)Q7 2) = w(d(2), x&, D). (22)

Let a; = limsup,_, ., w.(¢t) and 1 = 7(1/2 — a1) the corresponding angle.

We will prove that §; = min{Slope™(v,)}.

Claim 1. If 6 € Slopet(,) then 6; < 6.

If a; = 1 then 61 = —7/2 and we are done. If not, since a; = limsup,_, . w,(t), from we must also
have
lim sup w (¢ (=), x&, D) = a1. (23)
t—o0

Assume that 0 € Slope(y,) with 81 > 0 = w(1/2—a). So thereis an € > 0 such that a; < a1+€¢/2 < a1+€ < a.
Then there is a sequence t,, — oo such that all but finite of the points ¢, () lie above I'y, 1. for some € > 0.
This means that ¢; (z) € Ea1+6/2 for almost all n. This implies that lim; o w(qﬁtn(z),;(\f,ID)) > a1 +¢€/2,

a contradiction. So 61 < 6.

Claim 2. 6; € Slope™(7,).
Since there exists ¢, with w(¢y, (z)i@,D) — a; we have that arg(l — £¢;, (2)) — 61 and so 0; €

Slope™ (.).

We have shown that #; = min{Slope™(7.)}. Using the same arguments we can show that if ay =
liminf; o w,(t) and O = 7(1/2 — az) we have s = max{Slope™(v.)}. This means that Slope™(y,) =
[7(1/2 —ay), ©(1/2 — a2)].

In the case when the a-limit of v, is a super-repulsive point, replacing oo with —oo and £ with x, using

the same arguments, we obtain relation for the Slope™(7v;).
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Remark 1. The only property of the set G;{(Z)Q that we use is that it corresponds, through A~', to an arc
)/CZ on JD with £ being the Denjoy-Wolff point, or x being the a-limit of 7,, and x # £. This means that

even when 62’(2)9 =0 or 82'(Z)Q = 02 we can use the same approach by choosing a suitable subset of 9f2.

PROOF (THEOREM [I)). We will only prove the result for |6;],]f2| < 7/2 for simplicity. Small variations
of the proof can also account for the cases of 6; = —7/2 or 85 = w/2. We will essentially present these
variations in the proof of Theorem [2l We will modify the construction found in [4] and construct a set {2

such that for the associated semigroup we have Slope™(vy) = [01,0s]. Let E[¢] = {¢ +t: ¢ < 0} be the

half-line, parallel to the real axis, starting from ¢ and extending to the left. Let a; = % — ‘% and as = % — %2,
so that 0 < as < a; < 1. Let ry, p, be sequences such that
1-— al
ai
and
1—a
Tn = 2p,n,17 n Z 2. (25)
a

Since a; > ag, both 7, and p, are increasing. Note that these depend only on the choice of aq,as and 7.

3 1
For example a; = —, as = 3 and r; = 6 gives

4

r, = 6" and p, = 3-6".

It is easy to see that definitions and indeed give

Pn__ _ ai and _Pat as. (26)
pn + 7('n Pn—l + T'n

Note that for w = 0 we have 9, 2 = (9£2)" and choose an increasing sequence u/, from Lemma such that
the following hold:
When n =2k — 1, for all 2 with A = A(w,rg, pr,ul,) C 2 and 0A;, C 912,

+ _ PE 1
ol (02", ) - 2 < 1 @

and for all 2 with A = A(z, rk41, pr,ul,) C 2 and 0A;, C 012,
1
wlw, (092)*F, Q) — —LE | < = 28
ol (02)7, ) - | <] (28)
When n = 2k, for all 2 with A = A(z, 741, pr,ul,) C 2 and 0A;, C 042,
1
wlw, (), 02) — —LE | <= 29
ol (02)7, ) - L <] (20)
and for all 2 with A = A(z, 7k41, prt1,ul,) C 2 and 0A;, C 012,

1
()t Q) — P2 30
(. (992)*, 2) = | < 2 (30)

8



Consider the partial sums u, = Y77, u; and set

02 =C\ | J(Eluzk—1 + ire] U Elugi, — ipx)). (31)

The way (2 was constructed we have that (2 is convex in the positive direction. We also have that, for
n = 2k—1, for the rectangles A = A(x,,, g, pr, ul,) we have A C 2 and 0A;, C 012, where x,, = (up+upn_1)/2.
s Obviously x, — co. For n = 2k the same holds for A = A(xy,, rg41, pr, ul,).
So for n = 2k — 1, from relations and (27)), we have,

(@, (02)F, ) — ay| < % (32)

and for n = 2k, from relations and 7

(wln, (02),2) ~ as] <~ (33)

So we have found two sequences zo,_1 € R and xo; € R with respective limits as and a;. That means

[az,a1] C [liminf w(t), lim sup wo(t)]. (34)
t—ro0 t—o0

We proceed to show the opposite inclusion. Consider a pair xop_1, 22k on the real line. Note that the

rectangles A(zak—1, Tk, Pk, Uhy,_1) and A(zak, Tkt1, Pk, Uhy) are both contained in 2.

Figure 1: A part of the set 2
(U2k415 Th+1)

Elugg_1 + iry] (ugk_1,71) E Tht1
—————————— -e
L7
WPr—1 Tok—1 Tok Tok+1
(ua(k—1), Pr-1) Pr
(s, pr,)

Pr+1

(U2(1¢+1), Pk+1)
170

Consider the set 1 = 2\ E, where E = {x 41y : y = rg, ugk—1 < = < ugr}. In Figure F is the dotted
segment. Obviously 21 C £2 and (02)~ = (0¢21)~. Also for all © € [xor_1,T2x], since u, is increasing, we
have that

A= Az, rg, pryuby_q) C 21 and Ay, C 0. (35)
9
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Using the domain monotonicity of the harmonic measure and relation we get

w(z, (0T, 02) =1—w(z,(002)7,2) <1 —w(z,(021), )

1
= w(x, (02)", 1) < ay + e

Similarly consider 25 = Q2UE[ugg_1+iry]. Again for all & € [xor_1, xax], we have A = A(z, rit1, pr, uby,_1) C

(25 and 0A, C 0f25. Since 2 C (25, considering ,
1
w(x, (002)T,02) > w(x, (0622)T, 29) > as — -

We can likewise treat the case where & € [xay, Zap+1]. These inequalities show that if there exists a sequence
tr — oo with limy o0 wo(tr) = a then as < a < ay.
We have shown that a; = limsup,_, ., wo(t) and az = liminf;_, wo(t). Considering the semigroup (¢;)

that corresponds to the set {2, the desired result follows from Theorem

PROOF (THEOREM . As in the above proof let b; = % — 9?17 by = % — 9?2 and r,,, p, be sequences such that
_1-by
=%

Tn Pns

and

1-b
T = Tllpn—h n > 2.

Since b; > by we have that both r,, and p,, are decreasing sequences. Note that these depend only on the

3 1 1
choice of by, by and ry. Similar to the above proof, if for example b; = 7 by = 3 and r; = 3’ we get

T = 3 -6~ and P =6"".

We define sequences u,,, u!, in the exact same way as in the proof of Theorem [I} This means that we

n

can use relations — . Now {2 can be defined as
02 =C\ | J(E[~ugk—1 + ire] U E[—uax + ipx]).
n=1

Obviously {2 is convex in the positive direction and 7y is defined for ¢t € (—o0,+00). Similarly with
before we take x,, = —(uy, + u,—1)/2. We have that x,, goes to —oo and for the subsequences a1 and
Top We get

lim w(zor_1,(092)",02) = by and
k—o0
lim w(wag, (02)1, 02) = b.
k—o0
We can show the opposite inclusion with the same arguments as in the proof of Theorem [I} Again from

Theoremwe get Slope™ (y0) = [01, 62)-
10
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We will now consider the case when by = 0. We modify our sequences so that
rn = (n+m)pp,

and
10

Tn = n>2

bl 3 — )

where m is taken big enough, so that for all n we have n +m >

%. We again have two decreasing

sequences. The proof works out in the same way except that now, for n = 2k — 1, relation becomes

1 1 2
N D)< —+ - <=

w(xn, (002)7, )<n—|—m—|—1+n<n (36)

for all n. Obviously w(zax—_1,(02)T,2) — 0 as k — oo and as before we have w(za, (002)", 2) — by.

Similarly in the case when b; = 1 we take

1— by
Tn = —F—Pn,
by
and
1
Tp = , N> 2,
n+m
. . 1 1— b
where m is taken big enough, so that for all n we have mn < o As before, note that, for n = 2k,
n m 2
relation (29)) becomes
1
w(mn,89+, Q) > M _ =
n+m+1 n
- n+m 2 - 3
n+m+1 n+m+1 n+m+1’

for all n > m + 1. Obviously w(xay, (02)7,02) — 1 as k — oo, while w(xap_1, (02)T, 2) — bs.
Combining the above we can also construct an example with Slope™ (v,) = [—7/2,7/2]. Note that in
this case we can simply use
Tn = NPn,
and

Tn = —Pp-1, N2 2,
n

which coincides with what was used in [4].
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